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Abstract
We describe a class of nilpotent Lie algebras completely determined by their associated
weight graph. These algebras also present two important structural properties: to admit
naturally a symplectic form and to be isomorphic to the nilradical of a solvable complete
rigid Lie algebra. These solvable algebras are proved to constitute a class of algebras where a
symplectic form cannot exist. Finally we analyze the product by generators of the preceding
algebras, and show that this operator preserves the property of being the maximal nilpotent
ideal of a solvable rigid Lie algebra.
© 2003 Elsevier Inc. All rights reserved.
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1. Introduction
The classical theory of semisimple Lie algebras and their classification has shown
the importance of graph theory for the study of algebraic structures. Indeed the Dyn-
kin diagrams of classical Lie algebras cover simultaneously undirected and directed
graphs, and constitutes a fundamental tool to analyze the parabolic and regular sub-
algebras [14]. For the theory of infinite dimensional Lie algebras graphs also play
a prominent role, as follows from example from the representation theory of affine
Lie algebras [22]. The utility of graphs in Lie theory does not stop here, as shown
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by Leger and Luks in the early 70s and more recently by Ancochea and the au-
thor [2,21]. Leger and Luks used trees to obtain a class of nilpotent Lie algebras
which generalizes the nilradicals of parabolic subalgebras of simple Lie algebras,
while in [2] their concept of weight graph associated to a nilpotent algebras has
been generalized. Moreover, the 2-step solvable rigid Lie algebras have been char-
acterized in terms of complete graphs, showing that the geometrical properties of
graphs are deeply related to structural properties of algebras. This approach is of
interest in relation with rigidity questions [3,17], the study of the variety of nilpotent
Lie algebras [11,12] and the classification of metabelian Lie algebras [16,19]. In
[2] we also showed that in general a weight graph does not determine uniquely a
weight system of a nilpotent algebra (mainly due to the fact that, while the number
of nonequivalent weight systems is finite for any fixed dimension, the number of
isomorphism classes of nilpotent Lie algebras is infinite for any n  7 [15]). In this
paper we show the existence of a special class of weight graphs which completely
determine the associated weight system and moreover the underlying Lie algebra.
These algebras are of importance for two reasons: on one hand they admit naturally
a symplectic form, which can be read off from the weight graph, and on the other
they are isomorphic to the nilradical of solvable complete rigid Lie algebras.
Finally we analyze the behaviour of weight systems of these algebras when com-
bined with an operator called the product by generators [6], and show that the product
preserves the property of being the nilradical of a rigid Lie algebra.
Unless otherwise stated, Lie algebras in this paper are complex and indecompos-
able, i.e., they do not decompose as direct sums of ideals.
2. Weight systems of nilpotent Lie algebras
Recall that given a nilpotent Lie algebra g and the algebra of derivations Der(g),
a torus T over g is an abelian subalgebra of Der(g) consisting of semisimple endo-
morphisms. The torus T induces a natural representation [23] on the Lie algebra g,
such that we obtain the following decomposition:
g =
⊕
α∈T ∗
gα,
where T ∗ = HomC(T ,C) and gα = {X ∈ g | [t, X] = α(t)X ∀t ∈ T } is the weight
space corresponding to the weight α. If the torus is maximal for the inclusion re-
lation, as tori are conjugated, its common dimension is a numerical invariant of g
called the rank and denoted by r(g). Following Favre [15], we call
Rg(T ) = {α ∈ T ∗ | gα /= 0}
the set of weights for the representation of T over g and
P g(T ) = {(α, dα) | α ∈ Rg(T ), dα = dim gα}
the weight system of g (with respect to T ).
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In particular, if dα = 1 for any α ∈ Rg(T ), the set of weights and the weight
system can be identified. Observe that the weight system for a Lie algebra g is not
uniquely determined, since Rg(T ) depends on the choice of T . This implies that a
weight system is to be considered as a representative of an equivalence class, which
we define as follows: two sets P g(T ) and P g′(T ′) are called equivalent if the linear
representation of T on g is equivalent to the representation of T ′ over g′. It can be
shown that the class defined by this equivalence relation constitutes an invariant of
the algebra, which allows us to choose a representative without loss of generality
[15]. Observe also that though the weights can be chosen quite arbitrarily, the rela-
tions they satisfy among them constitute the property determining the invariance of
the system. For a given dimension, there is only a finite number of nonequivalent
weight systems [15]. Since the number of isomorphism classes of nilpotent Lie alge-
bras is infinite for dimension greater or equal to seven, this implies that in general the
weight system is an insufficient information to reconstruct the Lie algebra it comes
from. In particular parametrized families of Lie algebras will have the same weight
system [13]. For the particular case of solvable Lie algebras of the form g−→⊕T , where−→⊕ denotes a semidirect sum of Lie algebras, g a nilpotent algebra and T a torus
(not necessarily maximal), alternative methods to analyze the derivations of g exist
[10], the most remarkable being the linear root system associated to it. We recall its
construction:
Definition 1. A nonzero vector X ∈ T is called regular if the dimension of
Ker(ad X) is minimal:
dim Ker(ad X) = min {dim Ker(ad Y ) | Y ∈ T } ,
where (adX) is given by
(adX)(Y ) := [X, Y ] ∀Y ∈ g,
and [, ] denotes the Lie bracket.
Since adX is diagonalizable and g invariant by its actions, we can always find a
basis
{
X1, . . . , Xp+q, . . . Xn =X
}
of eigenvectors of adX such that {X1, . . . , Xp+q}
is a basis of g, {Xp+q+1, . . . , Xn} a basis of T and {Xp+1, . . . , Xn} a basis of
Ker(adX).
Definition 2. Let X be a regular vector of the Lie algebra g−→⊕T . The linear root
system associated to {X1, . . . , Xn} is the linear system with (n − 1) variables xi ,
where the equations are
xi + xj = xk,
whenever the component in Xk of the bracket [Xi,Xj ] is nonzero.
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The system is generally denoted by S(X). Observe that the eigenvalues of ad(X)
are solutions of the system, as follows from the Jacobi condition. Moreover, it fol-
lows from the decomposition g−→⊕T that the rank of S(X) is at most dim(g) − 1 [10].
This fact is extremely important for rigidity. If GL(n,C) denotes the general linear
group, then its elements act on an n-dimensional Lie algebra g as follows:
(f, [X, Y ]) := f−1[f (X), f (Y )], ∀f ∈ GL(n,C), X, Y ∈ g.
The orbit O(g) of the algebra by this action consists obviously of all Lie algebras
isomorphic to g. We call g rigid if the orbit O(g) is an open set in the varietyLn of
n-dimensional Lie algebras [1]. Roughly speaking, an algebra is rigid if all algebras
g′ close to g are isomorphic. The system S(X) introduced earlier provides a powerful
criterion on the nonrigidity of a solvable Lie algebra:
Theorem 1. Let r = n ⊕ t be a solvable Lie algebra, where n is the maximal nilpo-
tent ideal and t a torus over n. If rank S(X) /= dim n − 1, then r is not rigid.
3. The weight graph associated to a weight system
Suppose we are given a Lie algebra g that decomposes in the following manner
by the action of T :
g = gα1 ⊕ gα2 ⊕ . . . ⊕ gαn
dim gαi = 1, 1  i  n = dim g
αi ∈ T ∗ − {0}

 . (1)
The conditions on the decomposition of g imply in particular that dα = 1 for any
weight, and therefore we have Rg(T ) = P g(T ). In what follows we will therefore
use the notation Rg(T ) instead of P g(T ) to denote the weight system of g. Wide
classes of nilpotent Lie algebras appearing in the study of rigid Lie algebras and
representation theory satisfy the decomposition above [2,3,5,11,21]. Without loss
of generality we can also assume that g is given on a basis of eigenvectors for T .
This convention implies that for the chosen representative of the isomorphism class
of g a sum of weights α, β ∈ Rg(T ) such that α + β ∈ Rg(T ) is implied by some
structural constants, that is, the relations satisfied by the solutions of the root system
S(X) associated to g−→⊕T coincide with the relations of the weights of P g(T ). This is
of importance whenever we have weights α, β ∈ P g(T ) such that α + β ∈ P g(T ),
but [gα, gβ ] = 0.
Suppose that Rg(T ) = {α1, . . . , αn} is a weight system of g. To this weight sys-
tem we can associate the following labelled graph : let V (G) = {v1, . . . , vn} be the
points, where vi corresponds to the weight αi for all i. Observe that with this defi-
nition each vertex is labelled by the corresponding weight. We say that vi joins vj if
vi + vj ∈ Rg(T ). The corresponding graph is denoted by G(Rg(T )).
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We denote by G(Rg(T )) the complementary graph to G(Rg(T )), i.e., the graph
whose point set is also V (G), and where αi joins αj iff αi + αj /∈ Rg(T ). Since
the weights are not zero, it follows immediately from the preceding lemma that
G(Rg(T )) is a connected graph.
Definition 3. Let Rg(T ) be a weight system of g. Then the graph G(Rg(T )) is
called the weight graph of g.
As shown in [2], in general a weight graph does not determine uniquely a weight
system, which implies that we must take into account more information in order to
recover the semisimple derivations. We now restrict to an important class of nilpo-
tent Lie algebras which are entirely characterized by their weight graph, which will
have interesting consequences concerning the geometry of these algebras. In classi-
cal graph theory [20], the graphs obtained from the n-cycles are of some importance,
due to their symmetric form. This class will also play an important role in the analysis
of weight graphs.
Definition 4. A sequence {v0, v1, . . . , vn} of points in a graph G is called an n-cycle
if
(1) n  3,
(2) vi /= vj for 1  i, j  n,
(3) vi joins vi+1(1  i  n − 1) and vn joins v0.
For n  3 let Gn = Cn ∪ nP1 be the graph consisting of an n-cycle Cn and n
isolated points, where ∪ denotes the union graph [20]. An interesting (but irrelevant
for what follows) property of the complementary graph Gn is that for n  4 it is
nonplanar.
Theorem 2. For any n  3 there exists a unique nilpotent Lie algebra gn whose
weight graph is Gn. Moreover, gn is of maximal rank (i.e., r(g) = dim H 1(g,C)).
Proof. We consider the odd and even cases separately.
(1) n ≡ 0 (mod 2): Suppose that n = 2k and that {v1, . . . , v4k} are the vertices of
Gn. We can also suppose that the n-cycle is given by
v1v2v4 . . . v2kv2k−1v2k−3 . . . v3v1. (2)
Now, if there exists a nilpotent Lie algebra g4k with weight system {α1, . . . , α4k}
and a mapping
f : Gn → P gn(T ) vi 	→ βi, (3)
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which relates vertices and weights, by (1) we have that the only possible relations
among the weights are the following:
β1 + β2, β1 + β3, β2t + β2t+2 (1  t  k − 1),
β2t+1 + β2t+3 (1  t  k − 2), β2k−1 + β2k. (4)
In particular, the number of vertices and the preceding relations imply that:
βi + βj /= βk + βl, i, j /= k, l.
This signifies that the structure of the graph Gn excludes the existence of weights
having multiplicity m > 1.
Reordering the vertices we obtain the following system:
β1 + β2 = β2k+1,
β1 + β3 = β2k+2,
β2t + β2t+2 = β2(k+t)+1, 1  t  k − 1, (5)
β2t+1 + β2t+3 = β2(k+t)+2, 1  t  k − 2,
β2k−1 + β2k = β4k.
Thus, if (3) corresponds to the weight system of a Lie algebra, then r(g)  2k. It
can easily be seen that (3) corresponds exactly to the linear system S(X) associated
to the nilpotent Lie algebra defined by
[X1, X2] = X2k+1,
[X1, X3] = X2k+2,
[X2t , X2t+2] = X2k+2t+1, 1  t  k − 1, (6)
[X2t+1, X2t+3] = X2k+2t+2, 1  t  k − 2,
[X2k−1, X2k] = X4k.
over the basis {X1, . . . , X4k}.
This algebra is indecomposable and satisfies C1(gn) = {X2k+1, . . . , X4k}, which
shows that the rank is 2k, therefore maximal. It is a straightforward verification that
the corresponding weight graph is Gn. Observe moreover that this algebra is unique
up to isomorphism. If {vσ1 , . . . , vσ4k } is another labelling of Gn, then
f : gn → gn
Xi 	→ Xσi .
such that σi + σj = σk , then the structure of Gn forces the following identity:
[Xσi ,Xσj ] = Xσk .
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f extends clearly to an automorphism of g, showing that the weight system uniquely
determines the algebra.
(2) If n is odd, the reasoning is similar to the preceding case. The obtained Lie alge-
bra is given by the brackets:
[X1, X2] = X2k+2,
[X1, X3] = X2k+3,
[X2t , X2t+2] = X2k+2t+2, 1  t  k − 1, (7)
[X2t+1, X2t+3] = X2k+2t+3, 1  t  k − 1,
[X2k+1, X2k] = X4k+2.
over the basis {X1, . . . , X4k+2}. 
Observe in particular that the nilradicals gn obtained in Theorem 2 are all even
dimensional. This is not casual, and is deeply related to the geometry of the corre-
sponding weight systems. We can even extract more information from the weight
system, which allows us to obtain important properties of the algebras analyzed.
Recall that a 2n-dimensional Lie algebra is said to admit a symplectic form if there
exists a nonzero linear form ω ∈ g∗ such that
(1) dω = 0,
(2) ωn /= 0.
The Lie algebras endowed with simplectic forms are known only for low dimen-
sions [18], although some general results exist [6]. The fact that is interesting for our
analysis is the following:
Proposition 1. For any n  3 the nilpotent Lie algebras gn are endowed with a
symplectic form.
Proof. Let us suppose that n = 2k and that {ω1, . . . , ω4k} is a dual basis to that
given in (6). It follows immediately that the form ω defined by
ω := ω1 ∧ ω2k+1 + ω2k ∧ ω4k +
k−1∑
t=1
(ω2t + ω2t+2) ∧ ω2k+2t+1 (8)
+
k−2∑
t=1
(ω2t+1 + ω2t+3) ∧ ω2k+2t+2 (9)
is closed, and clearly
ωk = (−1)ω1 ∧ · · · ∧ ω4k /= 0, (10)
where  = ±1.
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If n = 2k + 1, then the symplectic form is given by
ω := ω1 ∧ ω2k+2 + ω2k ∧ ω4k+2 +
k−1∑
t=1
(ω2t + ω2t+2) ∧ ω2k+2t+2 (11)
+
k−1∑
t=1
(ω2t+1 + ω2t+3) ∧ ω2k+2t+3.  (12)
This fact proves that the algebras gn can be characterized as central quotients of
Lie algebras g admitting a linear contact form, i.e., a linear form ω ∈ g∗ − {0} such
that ω ∧ (dω)(dim(g)−1)/2 /= 0:
Corollary 1. For any n  3 there exists a Lie algebra ĝn endowed with a linear
contact form such that the sequence
0 → Z(ĝn)  K → ĝn → gn → 0 (13)
is exact in the category of nilpotent Lie algebras.
We now return to the main property of these nilpotent Lie algebras, namely their
relation with rigid structures:
Theorem 3. For any n  3 the semidirect sum gn−→⊕T is a solvable rigid complete
Lie algebra.
Proof. We prove the assertion for n = 2k, the odd case being similar. Let T denote a
maximal torus of derivations over g2k . By (3) we can find a torus T ′ of g2k generated
by {T1, . . . , T2k} and an automorphism  of g2k such that
T−1 = T ′. (14)
Therefore the tori T and T ′ are equivalent, and since (5) can be interpreted as
the linear system associated to the solvable algebra gn
−→⊕T , the solutions generate the
torus T ′. The rigidity follows at once from Theorem 1 [1,10]. Moreover, since the
nilradical is of maximal rank, the algebra is complete [24]. 
It is natural to ask whether these solvable Lie algebras (the even dimensional) will
also admit a symplectic form, as happens for the nilradicals. Surprisingly, the ad-
junction of the torus kills the possibility of defining such structures on the semidirect
product gn
−→⊕T .
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Lemma 1. For any k  3 any closed form ω ∈ r∗2k can be reduced to the followingform:
ω0 = a12(ω1 ∧ ω2 + ω2k+1 ∧ (θ1 + θ2)) + a13(ω1 ∧ ω3
+ω2k+2 ∧ (θ1 + θ3)) +
∑
1t  k−1
ε = 0,1
a2t+ε,2t+2+ε(ω2t+ε ∧ ω2t+2+ε
+ω2k+2t+1+ε ∧ (θ2t+ε + θ2t+2+ε)) + a2k−1,2k(ω2k−1 ∧ ω2k
+ω4k ∧ (θ2k−1 + θ2k)) +
2k∑
j=1
biωi ∧ θi +
∑
1i,j2k
cij θi ∧ θj .
Proof. Suppose that ω ∈ r∗2k is a closed from having a summand of the following
form:
ω = ω′ + αijωi ∧ ωj
with i  2k, j  2k + 1. Then
d(ω′ + αijωi ∧ ω) = dω′ + αijωi ∧ θi ∧ ωj − αijωi ∧ dωj ,
where
dωj =


ω1 ∧ ω2+ε + ωj ∧ (θ1 + θ2+ε) if j = 2k + 1 + ε, ε = 0, 1
ω2t+1 ∧ ω2t+3 + ωj ∧ (θ2t+1 + θ2t+3) if j = 2k + 2t + 2, t  1
ω2t ∧ ω2t+2 + ωj ∧ (θ2t + θ2t+2) if j = 2k + 2t + 3, t  1.
(15)
In any case, the only possibility to obtain d(ω′ + αijωi ∧ ωj ) = 0 is having αij =
0, since no other summand will provide the 3-forms obtained in (15), and these
summands will therefore not vanish. Analogous calculations show that a closed form
ω cannot have summands of the following types:
ωi ∧ ωj , if [Xi,Xj ] = 0,
ωi ∧ θj , if [Xi, Tj ] = 0. (16)
With this first reduction, we obtain
ω = a12ω1 ∧ ω2 + a13ω1 ∧ ω3
+
∑
1 t  k−1
ε = 0,1
a2t+ε,2t+2+εω2t+ε ∧ ω2t+2+ε + a2k−1,2kω2k−1 ∧ ω2k
+ω2k+1 ∧ (b2k+1,1θ1 + b2k+1,2θ2) + ω2k+2 ∧ (b2k+2,1θ1 + b2k+2,3θ3)
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+
2k∑
j=1
biωi ∧ θi +
∑
1 t k−1
ε = 0,1
ω2t+2k+1+ε ∧ (b2t+2k+1+ε,2t+εθ2t+ε
+ b2t+2k+1+ε,2t+2+εθ2t+2+ε) + ω4k ∧ (θ2k−1 + θ2k) +
∑
1i,j2k
cij θi ∧ θj .
The condition dω = 0 implies the conditions
α1,2+ε − b2k+1+ε,1 = α1,2+ε − b2k+1+ε,2 = 0, ε = 0, 1,
α2k−1,2k − b4k,2k−1 = α2k−1,2k − b4k,2k = 0,
α2t+ε,2t+2+ε − b2t+2k+1+ε,2t+ε = b2t+ε,2t+2+ε − b2t+2k+1+ε,2t+2+ε = 0,
(1  t  k − 1, ε = 0, 1).
There are no conditions on the remaining coefficients. Reordering the terms hav-
ing the same coefficient we obtain a reduced form like ω0. 
Now, for the 6k dimensional Lie algebra r2k we easily obtain:
Proposition 2. Let k  2 and ω ∈ r∗2k be a closed form. Then ω3k = 0.
The proof is a direct consequence of the reduced form ω0. In fact, since the forms
θ2t+ε and θ2t+2+ε cannot be separated by a closed form, any time a positive multiple
of the volume form is generated, its negative also appears. Therefore the final result
is identically zero, and the algebras r2k cannot be endowed with a symplectic form.
4. Rigidity and products by generators
In this section we analyze the product by generators of the nilradicals gn seen
above. This operation, introduced in [6] and used for the analysis of derivation alge-
bras of solvable Lie algebras [7–9], will provide us with an operator in the category
of nilpotent Lie algebras that preserves the main property of the algebras gn, namely
being the nilradical of a solvable rigid law.
As usual, the center of a nilpotent Lie algebra g is denoted by Z(g), while the
ideals of the central descending sequence are denoted by Cig, where C1g = [g, g].
Recall that the central extensions of a Lie algebra g by Cp are in 1–1 correspondence
with the elements of the space H 2(g,Cp) [13].
Theorem 4. Let hi (i = 1, 2) be indecomposable nilpotent Lie algebras and b1(hi )=
dim(hi/[hi , hi]). Then there exists a unique central extension e of h1 ⊕ h2 satisfying
the following properties:
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(1) b1(e) = b1(h1) + b1(h2),
(2) dimC1(e) = dimC1(h1) + dimC1(h2) + b1(h1)b1(h2),
(3) dimCi(e) = dimCi(h1) + dimCi(h2), i  2,
(4) dim Z(e) = dimZ(h1) + dimZ(h2) + b1(h1)b1(h2).
Proof. The first three conditions imply that dim(e) = dim(h1) + dim(h2) + b1(h1)
b1(h2), so that the extension e is defined by a cocycle class [ϕ] ∈ H 2(h1 ⊕ h2,
Cb1(h1)b1(g2)). Conditions (2) and (3) imply that any representative ϕ of the class
satisfies:
ϕ(h1, C1h2) = 0
ϕ(C1h1, h2) = 0
}
,
while conditions (1) and (2) imply that
dimC
{
ϕ(X,X′) | X ∈ h1 −
[
h1, h1
]
, X′ ∈ h2 −
[
h2, h2
] } = b1(h1)b1(h2),
i.e., it is a basis of Cb1(h1)b1(h2). Let {X1, . . . , Xb1(h1)} and {X′1, . . . , X′b1(h2)} be ar-
bitrary generators of h1, respectively h2. Without loss of generality, we can consider
the following representative ϕ of the class [ϕ]:{
ϕ(Xi,X
′
j ) = e(i−1)b1(h2)+j , 1  i  b1(h1), 1  j  b1(h2),
ϕ(X,X′) = 0 if X ∈ C1h1 or X′ ∈ C1h2,
where {e1, . . . , eb1(h1)b1(h2)} is the canonical basis of Cb1(h1)b1(h2). This shows that
the cohomology class of ϕ is completely determined by the conditions (1)–(4), and
therefore that the extension e is unique. 
Observe that the only nonzero brackets are those related to pairs (X,X′) formed
by generators of X ∈ h1 and X′ ∈ h2. This justifies the following:
Definition 5. The product by generators h1×h2 of h1 and h2 is the central extension
of h1 ⊕ h2 defined by the cocycle class of ϕ.
Proposition 3. If hi is indecomposable of nilindex n(hi ) for i = 1, 2, then the prod-
uct by generators h1×h2 is an indecomposable Lie algebra of nilindex max{n(h1),
n(h2)}. In particular h1×h2 = h2×h1.
Since the product is commutative, it is natural to ask how to obtain a weight
system for the algebra h1×h2 in dependence of the weight systems corresponding to
the summands hi . Recall that the algebras gn are characterized by their weight graph
Cn + Kn. We now prove that the product by generators is also characterized by this
property, which will enable us to obtain rigid structures for the product.
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Proposition 4. For any n,m  3 the product by generators gn×gm is uniquely
determined by the complementary of the graph (Cn + Cm) ∪ (m + n)P1.
Proof. We must distinguish three cases, according to the parity of m and n. We will
restrict ourselves to the case m = 2k1, n = 2k2, the remaining cases being similar.
Since the product by generators is characterized as the unique central extension of the
direct sum satisfying conditions (1)–(4), without loss of generality we can consider
a basis {X1, . . . , X4k1 , Y1, . . . , Y4k2, Z1, . . . , Zk1k2} such that the brackets are
[X1, X2] = X2k1+1; [X1, X3] = X2k1+2,
[X2t , X2t+2] = X2k1+2t+1, 1  t  k1 − 1,
[X2t+1, X2t+3] = X2k1+2t+2, 1  t  k1 − 2,
[X2k1−1, X2k1] = X4k1 ,
[Y1, Y2] = Y2k2+1; [Y1, Y3] = Y2k2+2, (17)
[Y2t , Y2t+2] = Y2k2+2t+1, 1  t  k2 − 1,
[Y2t+1, Y2t+3] = Y2k2+2t+2, 1  t  k2 − 2,
[Y2k2−1, Y2k2] = Y4k2 ,
[Xi, Yj ] = Z2(i−1)k2+j , 1  i  2k1, 1  j  2k2.
It can easily be seen that any semisimple derivation of the algebras gn and gm
can be extended to a semisimple derivation of the Lie algebra gn×gm (observe that
the generators of the two algebras have not been altered by the operator ×), and that
the added elements do not generate new semisimple derivations, as they generate a
characteristic ideal [6]. Therefore a weight system for this algebra is given by
βi(1  i  2k1), β1 + β2, β1 + β3, β2t + β2t+2(1  t  k1 − 1),
β2t+1 + β2t+3(1  t  k1 − 2), β2k1−1 + β2k1 , γi(1  i  2k2),
γ1 + γ2, γ1 + γ3, γ2t + γ2t+2(1  t  k2 − 1), (18)
γ2t+1 + γ2t+3(1  t  k2 − 2), γ2k2−1 + γ2k2 ,
βi + γj (1  i  2k1, 1  j  2k2).
Here βi denotes the weights associated to the elements Xi and γj those associated
to the Yj .
It follows that the weight graph is precisely (Cn + Cm) ∪ (m + n)P1. Conversely,
repeating the same argument as in Theorem 2, we see that the structure of the graph
above fixes the relations among the weights, and that only a structure equivalent
to (17) can have it as weight graph. This proves that it does indeed determine the
product algebra gn×gm. 
Remark 1. There is an important difference between the structure of the algebras
gn and that of their products by generators. While the first class admits naturally
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a symplectic form, the latter type of algebras are characterized as a class of Lie
algebras where constructing symplectic structures is impossible [6], up to the product
with the base field.
Theorem 5. For any m, n  3 there exists a solvable complete Lie algebra r whose
nilradical n is isomorphic to gn×gm.
The proof is an immediate consequence of the analysis of the linear system (18),
since their solutions generate a maximal torus of derivations [1,4]. The completeness
follows from the maximal rank.
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